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Investigation of Hardy-Littlewood conjecture with the primality theorems of Congruence and of
Complementary Congruence and with the density of incongruous and incompcongruous numbers

Abstract

A study of the Hardy-Littlewood conjecture (infinity and distribution of prime twins) is developed in the
article; it is based primarily on the two primality theorems of congruence and compcongruence. The study
leads to the proof of the Hardy-Littlewood conjecture and, in addition to the results achieved, opens up new
areas of possible research in the field of Number Theory.

1 The Twin Primes and the Hardy-L.ittlewood conjecture

As is well known, twin primes are those that are 2 units apart (except for the pair 2-3)
such as 17-19, 71-73, 521-523, 6359-6361, etc.

The Hardy-Littlewood conjecture states that first twins are infinite.
1.1 The Twin Numbers

Every prime number greater than 2, as well as every odd number, can be written as the sum or
difference of an even number and 1. In the case of a pair of prime twins there will obviously be a
single even number which when added to 1 and subtracted by 1 will give rise to the prime twins of
the pair.

We call an even twin and denote by the symbol PG every even number n € N such that n+1 and n-1
are prime numbers.

1.2 The Equal Twins Theorem

Definition 1.2.1 V'no € N, even and greater than 4, withP(y/(ny + 1)) set of odd prime numbers
<\ (ny+ 1), anecessary and sufticient condition for no +1 and no -1 to be twin primes is that

no% 1(modpi) and nok 11 (modpi ) ¥ pi€ P(y/(ng + 1)) or that P(y/(ny + 1)) is an empty set.

DIM. From the two Primality Theorems (1.2.1 and 1.4.1 [c]) positing No = no and no =1 it follows
that, if 1 is incongruous and incompcongruous with ng p modules; Vp; €

]P’(w/(no + 1)), e di conseguenza Vp; € [P’(w/(no - 1)) essendo P(J(no - 1)) c IP’(w/ (ny + 1)),
or if P(/(ng + 1)) is an empty set, no +1 and no - 1 are twin primes.

Conversely, if no + 1 and no - 1 are twin primes, this means that they are not divisible by any prime
less than or equal to the \/(ny + 1) and that therefore, again by (1.2.1) and (1.4.1), no and 1 are
incongruous and incompcongruous Vp; € P(y/(ng + 1)) and therefore vp; € P(y/(ny — 1)).

We set no > 4 because with np = 2 we would have that no - 1 = 1 which, as we know, is neither a
prime nor a compound number.

! The symbols # and ¥ stand for non-congruity and non-compcongruity between two numbers from:
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If instead of referring to the set ]P’(J (ny + 1)) we refer, for the sake of subsequent demonstrations,

to the set ]P’(,/NO) with N, € N e maggiore di nythe theorem (3.2.1) is transformed into the following
corollary:

Corollary 1.2.2 v No, no € N, with No > 9 and with no even and pmax < no < No, with P(y/Ny)
set of odd prime numbers < \|(Ny) and with pmax higher prime number than P(\/N,), a

necessary and sufficient condition for no +1 and no -1 to be twin primes is that V' pi € ]P’(,/ NO) 1
is an incongruous and incompcongruous number ofng .

Dim. substituting P(y/(Ny)) a P(y/(n + 1)) the numbers no even less than pmax and such that no

+ 1= p; , with p; € P(y/(N,)), are not taken into account since, for the same p je P(y/(N,)), have a
class of congruence mod p; equal and/or complementary to that of equal modulus of 1. In fact, if no
+ 1= p; according to modular arithmetic it will always be the case that [no ] mod p;j = [1] mod p; = [p;
] mod p;j = [0] from which the congruence and/or compcongruence mod p;j of 1 with no follows.

Conversely, ifno +21and no - 1 are twin primes greater than pmax and less than No it means both that,
according to (1.2.1) and (1.4.1), no and 1 are incongruous and incompcongruous Vp; €

IP’(N/(n0 + 1)), but also that, since no +1 and no - 1, as primes, are not divisible by any prime less

than or equal to \/(Ny) , no and 1 are incongruous and incompcongruous anche Vp; € IP’(\/(NO)).
He placed himself N, = 9 in quanto per valori inferiori pmax would not be defined.

Since in the interval ]0, N ], with No > 9 and no > pmax there is always at least one prime (observation
1.2.5 [c]), surely there will always exist an no1 and an ng2 of which 1 is incongruous and
incompcongruous; but in order to prove the Hardy-Littlewood conjecture, one must ascertain both
that there exists at least one n =n =g 01 02 , ni.e. an even twin number (PG), smaller than No , of
which 1 is incongruous and incompcongruous modulo p; for all p; belonging to the setIP(w/(NO)),
let it be that for Ny— oo also the number of PGs tends to infinity with a definite relation.

To this end, we resort to the study of the density of twin peers.

1.3 The density of twin peers

All no that satisfy the conditions of corollary (1.2.2) are even PG twins with the following
characteristics:

e the class of PG module 2, PG being even, is always zero while the class of 1 module 2 is
always 1 (with complement equal to 1) and consequently 1 will always be incongruous and
incompcongruous with PG module 2

e PG classes of the next module (3, 5, 7, 11, etc.) present in ]P’(J (NO)) must not be equal to the
classes of 1 and their p-1 complements of the same module (e.g. if PG=18 and N, = 24 we
have that [P’(\/N—O) = {3}; [18]modzs = 0 and its complement is still equal to 0, [1] mod3 =[1] and

its complement is equal to 2 and therefore 1 is incongruous and incompcongruous with PG
so that 18+1 and 18-1 are twin primes).

Having said this, let us see how to calculate the number of PGs and thus pairs of even twins less than
a Ny> 49, a condition (see observation 1.7.1 [c]) resulting from the necessity that N, belongs to the

interval ]0, pmax #] Where pmax is the highest prime number less than or equal to the \/ (Ny).

Having then selected any No > 49 we denote by pmax the highest prime number of IP’(J (NO)). Let us
then consider the interval/table of natural numbers ]O, pmax #] and now eliminate from this table the



rows that have: congruence class mod 2 equal to [1]; congruence classes of successive modules (3, 5,
..... , Pmax ) equal to the classes of 1 and their complements p-1 for the same modules.

The numbers M of the number-class table pmax , not eliminated through the previous sieve, can then
only be those which in their corresponding combination of congruence classes present only the class
[0] of the two possible congruence classes mod 2 and one of the pi -2 (for each pi belonging to the set
IP(J (NO))) possible congruence classes of the successive modules (3, 5, ..... , Pmax ) with the
exclusion, that is, of classes 1 and (p-1) for the same modules (if e.g. (M) mod7 = 1 with complement
=6, M will not be an Equal Twin being also (1) mod7=1 with complement = 6; to be so, it is necessary
that (M) mod7 is equal to one of the 5 (7-2) other possible congruence classes: 0,2,3,4,5)

The rows (combinations of classes) of the table that have not been deleted will then, according to
combinatorial calculation, be:

(1.3.1) [I25"(p — 2)

Therefore (1.3.1) gives us the quantity of the numbers M of the table-interval ]0, pmax #] of which 1

is not congruent and is not compcongruent only for the modules pi belonging to the set P(,/(Ny))
while nothing can be said about the possible (non) congruence and (non) compcongruence of 1 with
these numbers with respect to the other modules p; greater than pmax and belonging to the set

P(/ (pmax#))). According to the corollary (1.2.2), however, we can state that all numbers M less
than No , which we will denote by PGno , being non-congruent and non-compcongruent with 1 for

all modules pi belonging to the set P(y/(Ny)), are Even Twin numbers. We denote by
Dncncomp (PG) o their density in the interval 10, N ].o

Remark 1.3.2 By the same corollary (1.2.2) we also know, however, that these numbers M(PG), of
which 1 is not compcongruent with respect to the modules IP’(,/ (NO)), do not include the PGs relative

to the pairs of primes less than the /N, and consequently their average density
Dncncomp (PG) yo Will always be lower than that Dpgy, of all pairs of P twinsGy,, less than No .

Let us now calculate the density of PG numbers existing in the interval ]0, pmax #] of which 1 is non-
congruent and non-compcongruent for the p-modulesi belonging to the set IP(\/ (NO)), and we denote

this density by Dncncompy, , 4 0r with Dncncomp]o, S #) being (Ny) # = Paxtt]
Knowing then that pmax # = 2*3*.......* Pmax , We can write:

Hpmax(p -2) 1 Hpmax (r-2)

(1.3.3) Dncncompy, 1y 4 —W -

By multiplying and dividing the second term of the same by (p-1) we obtain:

pmax (P 2) (p-1) 1 pmax (p 1) pmax (p—2) _

10, y(No) #] H p *(p—l) 2 l_[ l_[p 3 (p-1)
l—[pmax (p 1) l—[pmax (p-2)
(r-1)

(1.3.4) Dncncomp,,

In the last member of (1.3.4) we have substituted for = * 2 — (p Y the term [ ol (ppl) which,
as we know from (2.2.2 [c]), corresponds, always for No > 49, to the average density Dncy, VN, #] of

the numbers M existing in the interval ]0, pmax #] not congruent with No for only pi belonging to the
set [P(,/(NO)); in these last three formulae pmax is the highest prime number less than or equal to the

v (No) .



pmax (P—2) 2) l—[pmax (P 1)
p=3 (p-
determine the value of Dncncompyo, , 4 @s a function of Dnc, \/—0 "t

Let us then see if we can find a relationship between [] so that we can

We can write:
HngaxEP 3 pmax (P—2) pmax pmax (P—2) pmax pmaxp 2=2)
p— - *—
(1.3.5) gmzax(p = l_[p 3 (p—l)* p=2 (p 1) HP 3 (p-1) *2+ p=3 (p 1) H (p—-1)?
and substituting (1.3.5) into (1.3.4):
pmax (P 1) pmax (p=2) _ pmax p*(P=2) 4 (ypmax (p—1)
(1.3.8) Dncncompyy s = = =3 =2+ =3 0 (H - )

from which according to (2.2.2 [c]):

pmaxp*(P 2)
(1.3.7) Dnencomp,, sy = 2% Mp=3™ 755 ™ (Dneyo, yw, )?

From (1.3.7) we derive the ratio between the density Dnencomp Nieo) of the incongruous and

No) #]
incompcongruous numbers with 1 in the interval ]0. \/N, #] and the square of that in the same
interval of the incongruous numbers with N,.

Dncncomplo' [(No) #] ~ 2 % l_[pmax p*(p—2)

1.3.8 -
( ) (Dnc]o, VN, #])2 p=3 (p-1)2

Now it can easily be verified that the term [TpZ5™ p(p(f 2) for No =49 assumes the value 0.68359375,

for No =9006001 the value 0.6601862196 and then, as N increaseso towards infinity, and thus
extending the product over all prime numbers > 3, it tends to decrease rapidly towards the constant
of the prime twins C; that appears in the Hardy-Littlewood conjecture ([d]) on the distribution of
prime twins:

Mpss ”(’;(fl‘)? = (> = 0.6601611813846869573927812110014 .........

We can therefore write:

(139) —— P WD - yuc,
(DnC]O, \/No #])2

Giacché:

e theratio 2C> between Dncncomp and the square of Dncy,, VN, #] changes little as

10, V(No) #]
N variesp and thus of \/N, #
o the relationship between the prime twins and the prime numbers depends only on the

distribution of the latter, i.e. on [[>ms* (ppl) = Dncjo, (s #]



e the sieve determining the numbers no  with which 1 is incongruous and
incompcongruous depends neither on No nor on /N, # but only on the incongruity and

incompcongruity of 1 with such n o vp; € P(y/(ny £ 1))

it may be assumed with good approximation that the relation (1.3.9) is valid for any interval ]0, N]
and thus in particular also for the interval ]0, No ] and that it is therefore correct to write:

(1.3.10) Dncncompyg, n,; 2 * 2*C( Dnc](,‘,\,o]])2

Comment 1.3.11 In (1.3.10) as stated in Comment (1.3.2) and (2.2.6 [c]) both Dncncomp, w,7and
Dncyo, g1 do not include the possible no for which no = 1 are equal to the primes less than or equal

to the +/ (N,) but since this relation is always valid V N, € N starting from No = 49 we can extend
(1.3.10) to all the numbers no of which 1 is not congruous and not compcongruous and which when
added to or subtracted from 1 result in the primes (except 2, 3, 5, 7) less than any No greater than 49.

In fact for No = 49 (and therefore V49 = 7) the (1.3.10) concerns all the no of which 1 is not
congruous and not compcongruous that subtracted and added to 1 give as result the first twins

between 8 and 49; for No = 121 (and therefore v121 = 11) the (1.3.10) concerns the first twins

between 12 and 121; for No = 169 (and thus v169 = 13), (1.3.10) concerns the first twins between
14 and 169; and we can continue in this manner for all subsequent No equal to the squares of the
first twins after 13.

But it can be verified, assuming No =49 and thus C, =0.6835, that (1.3.10) with an approximation of
about 5%, also subsists by taking into account primes 2, 3, 5, 7. In fact, with No =49 there are 15

primes and 6 pairs of twins, hence, indicating with Dpgy, the density of even twins less than 49, we
have:

Dpgno = == = 0,1224

while for (1.3.10):

N «(15)?
Dncncompyo, w, | = 2*0,6835 (E) ~0,1281

whence:
Dncncompyo, n,7 = DPgno

Obviously, as N increaseso , (1.3.10) being valid for all primes greater than 7, the approximation
decreases.

Ultimately, we can then hold that v N, € N greater than 49, (1.3.10) is valid for all primes less than
No and therefore, substituting Dpgno al posto di Dncncompyo, n, | e

Dprimiy, ) al posto di Dncy, Noj] (see (2.2.4) [c]), writing:
(1.3.11) Dpgno = 2*C2 *(Dprimijg, ) °

Being then for the NPT Dprimi, Nojl = ﬁ one can write:
0

1
logNy

(1.3.12) Dpgpno =~ 2*C2 * ) 2



and multiplying both members by No :

1
logNg

(1.3.13) PG g = N #2*C *gy(

)2
1

For No = 49 the (1.3.13) PGy, takes a value greater than 5 and, since N *o(logN
0

function with No , PGy, Will always grow as No tends to infinity with a distribution ( 1.3.12 ) equal
to that predicted by the Hardy-Littlewood conjecture [(d)]:

)? an increasing

1
logx

T2 (X) = x*2*C *y(

)2

The even twins, i.e. pairs of prime twins, are therefore infinite and (1.3.12) is their distribution law.
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